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Abstract 

We consider a model for spacetime in which there is an ubiquitous 
background Dark Energy which is the Zero Point Field. This is fur- 
ther modeled in terms of a Weiner process that leads to a Random or 
Brownian characterization. Nevertheless we are able to recover mean- 
ingful physics, very much in the spirit of Wheeler's Law without Law, 
that is laws emerging from an underpinning of lawlessness. 

1 Introduction 

From the beginning of modern science, the universe has been considered to 
be governed by rigid laws which therefore, in a sense, made the universe 
somehow deterministic. However, it would be more natural to expect that 
the underpinning for these laws would be random,unpredictable and sponta- 
neous rather than enforced events. This alternative but historical school of 
thought is in the spirit of Prigogine's, "Order out of chaos" [1]. 
Prigogine notes, "As we have already stated, we subscribe to the view that 
classical science has now reached its limit. One aspect of this transforma- 
tion is the discovery of the limitations of classical concepts that imply that 
a knowledge of the world "as it is" was possible. The omniscient beings, 
Laplace's or Maxwell's demon, or Einstein's God, beings that play such an 
important role in scientific reasoning, embody the kinds of extrapolation 
physicists thought they were allowed to make. As randomness, complexity, 
and irreversibility enter into physics as objects of positive knowledge, we 
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are moving away from this rather naive assumption of a direct connection 
between our description of the world and the world itself. Objectivity in 
theoretical physics takes on a more subtle meaning. ...Still there is only one 
type of change surviving in dynamics, one "process", and that is motion... 
It is interesting to compare dynamic change with the atomists' conception of 
change, which enjoyed considerable favor at the time Newton formulated his 
laws. Actually, it seems that not only Descartes, Gessendi, and d'Alcmbert, 
but even Newton himself believed that collisions between hard atoms were 
the ultimate, and perhaps the only, sources of changes of motion. Neverthe- 
less, the dynamic and the atomic descriptions differ radically. Indeed, the 
continuous nature of the acceleration described by the dynamic equations is 
in sharp contrast with the discontinuous, instantaneous collisions between 
hard particles. Newton had already noticed that, in contradiction to dy- 
namics, an irreversible loss of motion is involved in each hard collision. The 
only reversible collision-that is, the only one in agreement with the laws of 
dynamics-is the "elastic," momentum-conserving collision. But how can the 
complex property of "elasticity" be applied to atoms that are supposed to 
be the fundamental elements of nature? 

"On the other hand, at a less technical level, the laws of dynamic motion 
seem to contradict the randomness generally attributed to collisions between 
atoms. The ancient philosophers had already pointed out that any natural 
process can be interpreted in many different ways in terms of the motion of 
and collisions between atoms." 

In the words of Wheeler [2], we seek ultimately a "Law without Law." Laws 
are an apriori blue print within the constraints of which, the universe evolves. 
The point can be understood in the words of Prigogine [3] 
"...This problem is a continuation of the famous controversy between Par- 
menides and Heraclitus. Parmenides insisted that there is nothing new, that 
everything was there and will be ever there. This statement is paradoxical 
because the situation changed before and after he wrote his famous poem. 
On the other hand, Heraclitus insisted on change. In a sense, after Newton's 
dynamics, it seemed that Parmenides was right, because Newton's theory 
is a deterministic theory and time is reversible. Therefore nothing new can 
appear. On the other hand, philosophers were divided. Many great philoso- 
phers shared the views of Parmenides. But since the nineteenth century, 
since Hegel, Bergson, Heidegger, philosophy took a different point of view. 
Time is our existential dimension. As you know, we have inherited from the 
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nineteenth century two different world of views. Tlie world view of dynamics, 
mechanics and the world view of thermodynaics." 

It may be mentioned that subsequent developments in Quantum Theory, 
including Quantum Field Theory are in the spirit of the former. Einstein 
himself believed in this view of what may be called deterministic time - time 
that is also reversible. On the other hand Heraclitus's point of view was in 
the latter spirit. His famous dictum was, "You never step into the same river 
twice" , a point of view which was endorsed by earlier ancient Indian thought. 
This has been the age old tussle between "being" and "becoming". 
As Wheeler put it, (loc.cit), "All of physics in my view, will be seen some- 
day to follow the pattern of thermodynamics and statistical mechanics, of 
regularity based on chaos, of "law without law". Specifically, I believe that 
everj^hing is built higgledy-piggledy on the unpredictable outcomes of bil- 
lions upon billions of elementary quantum phenomena, and that the laws 
and initial conditions of physics arise out of this chaos by the action of a 
regulating principle, the discovery and proper formulation of which is the 
number one task...." 

The reason this approach is more natural is, that otherwise we would be 
lead to ask, "from where have these laws come?" unless we either postulate 
a priori laws or we take shelter behind an anthropic argument. An interest- 
ing but neglected body of work in the past few decades is that of Random 
or Stochastic Mechanics and Electrodynamics. It may be mentioned that 
a considerable amount of work has been done in this direction by Nelson, 
Landau, Prugovecki, the author and others [4] -[30], who have tried to derive 
the Schrodinger equation, the Klein-Gordon equation and even the Dirac 
equation from stochastic considerations, and in general develop an underpin- 
ning of stochastic mechanics and stochastic electrodynamics. The literature 
is vast and some of the references given cite an extensive bibliography. A 
few of these approaches have been very briefly touched upon in Cf.ref.[31]. 
However, all these derivations contain certain assumptions whose meaning 
has been unclear. We will see examples of this in the sequel. In any case, we 
will argue that the seeds of a new world view, of the paradigm shift are to 
be found here in these considerations. 

In the above context, we propose below that purely stochastic processes lead 
to minimum space-time intervals of the order of the Compton wavelength 
and time, whose considerable significance will be seen and it is this cir- 
cumstance that underlies quantum phenomena and cosmology, and, in the 
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thermodynamic limit in which A^, the number of particles in the universe 
—>■ oo, classical phenomena and Quantum Theory as well. In the process, we 
will obtain a rationale for some of the ad hoc assumptions referred to above. 
In the older, and more popular world view, spacctimc has generally been 
taken to be a differentiable manifold with an Euclidean (Galilean) or Minkowskian 
or Ricmannian character. Though the Heisenbcrg Principle in Quantum The- 
ory forbids arbitrarily small space time intervals, the above continuum char- 
acter with space time points has been taken for granted even in Quantum 
Field Theory. In fact if we accept the proposition that what we know of the 
universe is a result of our measurement (which includes our perception), and 
that measurements are based on quantifiable units, then it becomes apparent 
that a continuum is at best an idealization. This was the reason behind the 
paradox of the point electron which was encountered in the Classical theory 
of the electron, as we saw. It was also encountered as is well known in Dirac's 
Quantum Mechanical treatment of the relativistic, spinning electron in which 
the electron showed up with the velocity of light. 

Quantum Mechanics has lived with this self contradiction [32] . In this schizophrenic 
existence, the wave function follows a deterministic (time reversible) equa- 
tion, while the result of a measurement, without which no information is 
retrievable, follows from an acausal "collapse of the wave function" yielding 
one of the many permissible eigen values, in an unpredictable but probabilis- 
tic manner. Indeed it has been suggested by Snyder, Lee and others that 
the infinities which plague Quantum Field Theory are symptomatic of the 
fact that space time has a granular or discrete rather than continuous char- 
acter. This has lead to a consideration of extended particles[33]-[39] [40], as 
against point particles of conventional theory. Wheeler's space time foam 
and strings [41] -[45] are in this class, with a minimum cut off at the Planck 
scale. As 't Hooft notes, [46] "It is somewhat puzzhng to the present author 
why the lattice structure of space and time had escaped attention from other 
investigators up till now..." We will return to this point later. 
All this has also lead to a review of the conventional concept of a rigid back- 
ground space time. More recently [47]- [49], it has been pointed out by the 
author that it is possible to give a stochastic underpinning to space time 
and physical laws. This is in the spirit of Wheeler's, "Law without Law" [2] 
alluded to. In fact in a private communication to the author. Prof. Prigogine 
wrote, "...I agree with you that spacetime has a stochastic underpinning". 
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2 The Emergence of Space-Time 



We will later briefly survey some models for spacetime. For the moment our 
starting point is the well known fact that in a random walk, the average 
distance / covered at a stretch is given by [50] 

l^R/\fN (1) 

where R is the dimension of the system and is the total number of steps. 

We get the same relation in Wheeler's famous travelling salesman problem 
and similar problems [51] The interesting fact that equation (1) is true in the 
universe itself with R the radius of the universe ~ 10^^ cm, N the number 
of the elementary particles in the universe ~ 10^° and / the Compton wave- 
length of the typical elementary particle, for example the pion ~ 10~ ^^cm 
had been noticed a long time ago[52]. From a different point of view, it is 
one of the cosmic "coincidences" or Large Number relations, pointed out by 
Weyl, Eddington and others. In this context, equation (1) which has been 
generally considered to be accidental (along with other such relations which 
we will encounter), will be shown to arise quite naturally in a cosmological 
scheme based on fluctuations. We would like to stress that we encounter 
the Compton wavelength as an important and fundamental minimum unit 
of length and will return recurrently to this theme. 

It may be mentioned that a minimum time interval, the chronon, has been 
considered earlier in a different context by several authors as we will see 
very soon. What distinguishes Quantum Theory from Classical Physics is as 
pointed out, the role of the resolution of the observer or observing apparatus. 
What appears smooth at one level of perception, may turn out to be very 
irregular on a closer examination. Indeed as noted by Abbot and Wise[53], 
in this respect the situation is similar to everywhere continuous but non dif- 
ferentiable curves, the fractals of Mandelbrot [54]. This again is tied up with 
the Random Walk or Brownian character of the Quantum path as noted by 
Sornette and others [55]- [62]: At scales larger than the Compton wavelength 
but smaller than the de Broglie wavelength, the Quantum paths have the 
fractal dimension 2 of Brownian paths (cf. also Nottale,[63]). This will be 
touched upon briefly in Section 6. 

This irregular nature of the Quantum Mechanical path was noticed by Feyn- 
man [64] "...these irregularities are such that the 'average' square velocity 
does not exist, where we have used the classical analogue in referring to an 
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'average'. 

"If some average velocity is defined for a short time interval At, as, for ex- 
ample, \x{t + At) — x{t)\/At, the "mean" square value of this is —fi/{mAt). 
That is, the "mean" square value of a velocity averaged over a short time 
interval is finite, but its value becomes larger as the interval becomes shorter. 
It appears that quantum-mechanical paths arc very irregular. However, these 
irregularities average out over a reasonable length of time to produce a rea- 
sonable drift, or "average" velocity, although for short intervals of time the 
"average" value of the velocity is very high..." 

This as we will see was Dirac's conclusion too, and indeed his explanation 
for the luminal velocity of the point electron and the non Hermiticity of its 
position operator in his relativistic electron theory. 

Two important characteristics of the Compton wavelength have to be re- 
emphasizcd (Cf.[49]): On the one hand with a minimum space time cut off 
at the Compton wavelength, as we will see, we can recover by a simple co- 
ordinate shift the Dirac structure for the equation of the electron, including 
the spin half. In this sense the spin half, which is purely Quantum Mechan- 
ical will be seen to be symptomatic of the minimum space time cut off, as is 
also suggested by the zitterbewegung interpretation of Dirac (in terms of the 
Uncertainty Principle), Hestenes and others (Cf. discussion in [31]). The zit- 
terbewegung is symptomatic of the fact that by the Heisenberg Uncertainty 
Principle, physics begins only after an averaging over the minimum space 
time intervals. This is also suggested by stochastic models of Quantum Me- 
chanics referred to, both non relativistic and relativistic as also Feynman's 
Path Integral formulation. We will comment upon in the sequel. 
On the other hand, we will see that (1) and a similar equation for the Comp- 
ton time in terms of the age of the universe, viz., 

T ^ VNt (2) 

can be the starting point for a unified scheme for physical interactions and 
indeed a cosmology that is not only consistent with observation in which we 
will deduce the Large Number coincidences referred to, but also predicted in 
1997 an accelerating expanding universe when the ruling paradigm was ex- 
actly the opposite. We will see this in the next Chapter in detail. The Large 
Number relations also include a mysterious formula [65], connecting the pion 
mass and the Hubble constant which we will deduce. It has to be pointed 
out [51] that in the spirit of Wheeler's travelling salesman's "practical man's 
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minimum" length that the Compton scale plays such a role, and that space 
time is like Richardson's delineation of a jagged coastline [54] with a thick 
brush, the thickness of the brush being comparable to the Compton scale. 
What Richardson found was that the length of the common land boundaries 
claimed by Portugal and Spain as also Netherlands and Belgium, differed 
by as much as 20%! The answer to this non-existent border dispute lies in 
the fact that we are carrying over our concepts of smooth curves or rectifi- 
able arcs to the measurement of real life jagged boundaries or coasthnes. As 
far as these latter are concerned, as Mandelbrot puts it [54] "The result is 
most peculiar; coastline length turns out to be an elusive notion that slips 
between the fingers of one who wants to grasp it. All measurement meth- 
ods ultimately lead to the conclusion that the typical coastline's length is 

very large and so ill determined that it is best considered infinite " This is 

where Hansdorf dimension or the fractal dimension referred to earlier comes 
in- we are approximating a higher dimensional curve by a one dimensional 
curve. 

Space time, rather than being a smooth continuum, is more like a fractal 
Brownian curve, what may be called Quantized Fractal Spacetime. All this 
has been recognized by some scholars, at least in spirit. As V.L. Ginzburg 
puts it [66] "The special and general relativity theory, non-relativistic quan- 
tum mechanics and present theory of quantum fields use the concept of con- 
tinuous, essentially classical, space and time (a point of spacetime is described 
by four coordinates xi — x, y, z, ct which may vary continuosly) . But is this 
concept valid always? How can we be sure that on a "small scale" time and 
space do not become quite different, somehow fragmentized, discrete, quan- 
tized? This is by no means a novel question, the first to ask it was, apparently 
Riemann back in 1854 and it has repeatedly been discussed since that time. 
For instance, Einstein said in his well known lecture "Geometry and Ex- 
perience" in 1921: 'It is true that this proposed physical interpretation of 
geometry breaks down when applied immediately to spaces of submolecular 
order of magnitude. But nevertheless, even in questions as to the consti- 
tution of elementary particles, it retains part of its significance. For even 
when it is a question of describing the electrical elementary particles consti- 
tuting matter, the attempt may still be made to ascribe physical meaning 
to those field concepts which have been physically defined for the purpose of 
describing the geometrical behavior of bodies which are large as compared 
with the molecule. Success alone can decide as to the justification of such an 
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attempt, which postulates physical reality for the fundamental principles of 
Riemann's geometry outside of the domain of their physical definitions. It 
might possibly turn out that this extrapolation has no better warrant than 
the extrapolation of the concept of temperature to parts of a body of molec- 
ular order of magnitude'. 

"This lucidly formulated question about the limits of applicability of the Rie- 
mannian geometry (that is, in fact macroscopic, or classical, geometric con- 
cepts) has not yet been answered. As we move to the field of increasingly high 
energies and, hence to "closer" collisions between various particles the scale of 
unexplored space regions becomes smaller. Now we may possibly state that 
the usual space relationships down to the distance of the order of lO^^^cm are 
valid, or more exactly, that their application does not lead to inconsistencies. 
It cannot be ruled out that, the limit is nonexistent but it is much more likely 
that there exists a fundamental (elementary) length Iq < 10~^^ — 10~^^cm 
which restricts the possibilities of classical, spatial description. Moreover, it 
seems reasonable to assume that the fundamental length /q is, at least, not 
less than the gravitational length Ig = ^Gh/c^ ~ 10~^^cm. 
"... It is probable that the fundamental length would be a "cut-ofP' factor 
which is essential to the current quantum theory: a theory using a funda- 
mental length automatically excludes divergent results" . 
Einstein himself was aware of this possibility. As he observed [67], "... It 
has been pointed out that the introduction of a spacetime continuum may 
be considered as contrary to nature in view of the molecular structure of 
everything which happens on a small scale. It is maintained that perhaps 
the success of the Heisenbcrg method points to a purely algebraic method of 
description of nature that is to the elimination of continuous functions from 
physics. Then however, we must also give up, by principle the spacetime 
continuum. It is not unimaginable that human ingenuity will some day find 
methods which will make it possible to proceed along such a path. At present 
however, such a program looks like an attempt to breathe in empty space" . 
To analyse this further, we observe that space time given by R and T of (1) 
and (2) represents a measure of dispersion in a normal distribution: Indeed 
if we have a large collection of events (or steps) of length I or r, forming a 
normal distribution, then the dispersion a is given by precisely the relation 
(1) or (2). 

The significance of this is brought out by the fact that the universe is a 
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collection of elementary particles, infact typically pions of size /, as seen 
above. We consider space time not as an apriori container of these particles 
but rather as a Gaussian collection of these particles, a Random Heap. At 
this stage, we do not even need the concept of a continuum. 
In this scheme the probability distribution has a width or dispersion ~ 
(Cf. ref.[68, 69, 70]), that is the fluctuation (or dispersion) in the number of 
particles ~ \/N. This immediately leads to equations (1) and (2). 
It must be emphasized that equations (1) and (2) in particular bring out apart 
from the random feature a holistic or Machian feature in which the large scale 
universe and the micro world are inextricably tied up, as against the usual 
reductionist view discussed in detail earlier. This is in fact inescapable if we 
arc to consider a Brownian Heap. This interpretation in which the extent 
R{otT) in (1) (or (2)) is a dispersion also explains the fractal dimensionality 
2: If the steps were laid out one beside the other unidirectionally as in con- 
ventional thinking, then we would have the usual dimensionality one. For, 
instead of (1), we would have, 

R^Nl 

This again is tied up with a model in terms of a Weiner process (a Random 
Walk), as we will see below. 

There is another nuance. Newtonian space was a passive container which 
"contained" matter and interactions - these latter were actors performing on 
the fixed platform of space. But our view is in the spirit of Licbniz [71] for 
whom the container of space was made up of the contents - the actors, as 
it were, made up the stage or platform. This also implies the background 
independence alluded to earlier, a feature shared by General Relativity. 
It should also be observed that the cut off length for fractal behaviour de- 
pends on the mass, via the de Broglie or Compton wavelength. The de Broglie 
wavelength is the non-relativistic version of the Compton wavelength. Indeed 
as has been shown in detail [72, 73], it is the zitterbewegung or self-interaction 
effects within the minimum cut off Compton wavelength that give rise to the 
inertial mass. So the appearance of mass in the minimum cut off Compton 
(or de Broglie) scale is quite natural. This point will be analyzed further in 
the sequel. 

We can appreciate that the fractal nature and a stochastic underpinning are 
interrelated: for scales less than the Compton (or de Broglie) wavelength. 
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time is irregular and can be modelled by a double Wiener process [74]. This 
will be shown to lead to the complex wave function of Quantum Mechanics, 
which is one of its distinguishing characteristics (in contrast to Classical the- 
ory where complex quantities are a mathematical artifice). 
To appreciate all this let us consider the motion of a particle with position 
given by x(t), subject to random correction given by, as in the usual theory, 
(Cf.[28, 50, 70]), 

I Ax| = V < Ax'^ > fa uVAt, 

u = h/m,!/ ^ Iv (3) 

where u is the so called diffusion constant and is related to the mean free 
path I as above. We can then proceed to deduce the Fokker-Planck equation 
as follows (Cf.[ref.[28] for details): 

We first define the forward and backward velocities corresponding to having 
time going forward and backward (or positive or negative time increments) 
in the usual manner, 

|.«)=W,^^.(t) = b_ (4) 

This leads to the Fokker-Planck equations 

dp/dt + div{ph+) = VAp, 

dp/dt + div{ph-) = -UAp (5) 

defining 

V = i^i±J^- ■,U=^ (6) 
We get on addition and subtraction of the equations in (5) the equations 

dp/dt + div{pV) = (7) 

U = uVlnp (8) 

It must be mentioned that V and U are the statistical averages of the re- 
spective velocities. We can then introduce the definitions 

V = 2uVS (9) 

V-iU = -2ivV{lnil:) (10) 
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The decomposition of the Schrodinger wave function as 



leads to the well known Hamilton-Jacobi type equation 

SS 1 ,„„,2 



^ = -^(95)^ + + (11) 



where 



From (9) and (10) we can finally deduce the usual Schrodinger equation or 
(11) [74]. 

We note that in this formulation three conditions are assumed, conditions 
whose import has not been clear. These are [28]: 

(1) The current velocity is irrotational. Thus, there exists a function S{x,t) 
such that 

mV = VS 

(2) In spite of the fact that the particle is subject to random alterations in 
its motion there exists a conserved energy, defined in terms of its probability 
distribution. 

(3) The diffusion constant is inversely proportional to the inertial mass of 
the particle, with the constant of proportionality being a universal constant 
h (Cf. equation (3)): 

h 

V — — 
m 

Wc note that the complex feature above disappears if the fractal or non- 
differential character is not present, (that is, the forward and backward time 
derivatives (6) are equal): Indeed the fractal dimension 2 also leads to the 
real coordinate becoming complex. What distinguishes Quantum Mechanics 
is the adhoc feature, the diffusion constant v of (3) in Nelson's theory and 
the "Quantum potential" Q of (11) which appears in Bohm's theory as well, 
though with a different meaning. 
Interestingly from the Uncertainty Principle, 

Aa; 

mAx— — ~ h 
At 
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we get back equation (3) of Brownian motion. This shows the close connec- 
tion on the one hand, and provides, on the other hand, a rationale for the 
particular, otherwise adhoc identification of v in (3) - its being proportional 
to Ti. 

We would like to emphasize that we have arrived at the Quantum Mechan- 
ical Schrodingcr equation from Classical considerations of diffusion, though 
with some new assumptions. In the above, effectively we have introduced a 
complex velocity V — lU which alternatively means that the real coordinate 
X goes into a complex coordinate 

X —>■ X + ix' (12) 

To see this in detail, let us rewrite (6) as 

where we have introduced a complex coordinate X with real and imaginary 
parts Xr and X^, while at the same time using derivatives with respect to 
time as in conventional theory. 
We can now see from (6) and (13) that 

W^j^{Xr-tX,) (14) 

That is, in this non relativistic development either we use forward and back- 
ward time derivatives and the usual space coordinate as in (6), or we use the 
derivative with respect to the usual time coordinate but introduce complex 

space coordinates as in (12). 

Let us briefly analyze this aspect though we will return to it later. To bring 
out the new input here, we will consider the diffusion equation (3) in only 
one dimension for the moment. We note that through (6) wc have intro- 
duced a complex velocity W, as indeed can be seen from (13) and (14) as 
well. Furthermore (8) and (9) show that both U and V can be written as 
gradients in the form 

U = Vg (15) 
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Furthermore the equation of continuity, (7) shows that for nearly constant 
and homogenous density p we have 

V • y = (16) 

where we are still retaining the vector notation. This implies that / and so 
also g satisfy the Laplacian equation 

VV = (17) 

In this case given (17), it is well known from the Theory of Fluid flow [75] 

that the trajectories / = constant and g = constant are orthogonal, with, in 
the case of spherical symmetry, the former representing radial stream lines 
and the latter circles around the origin (or more generally closed curves). 

— * 

We also see that (16) shows that the velocity is solenoidal, and V being a 
gradient, by (9), also irrotational. We would then expect that the circulation 
given by the expression 

T^mjv-ds (18) 

would vanish. All this is true in a simply connected space. However if the 

space is multiply connected, the origin being the singularity, then the circu- 
lation (18) does not vanish. We argue that this is the Quantum Mechanical 
spin, and will return to this point. But briefly, F in (18) equals the Quantum 
Mechanical spin h/2. This follows, if we take the radius of the circuit of 
integration to be the Compton wavelength h/mc and remember that at this 
distance, the velocity equals c. 

The interesting thing is that starting from a single real coordinate, we have 
ended up with a complex coordinate, and have characterized thereby, the 
Quantum Mechanical spin. Indeed as we will shortly see it was noticed by 
Newman in the derivation of the Kerr-Newman metric, that an inexplicable 
imaginary shift gives Quantum Mechanical spin. In other words Quantum 
Mechanics results from a complexiflcation of coordinates, this as can be seen 
now, being symptomatic of multiply connected spaces, and modelled by the 
Weiner process above. 

Finally, it may be remarked that the original Nelsonian theory itself has been 
criticized by different scholars [76] -[80]. 

To get further insight into the foregoing considerations, let us start with the 
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Langevin equation in the absence of external forces, [50, 81] 

dv , 
m— = -av + F'(t) 
dt 

where the coefficient of the frictional force is given by Stokes's Law [75] 

a = Qnria 

f] being the coefficient of viscosity, and where we are considering a sphere of 
radius a. This then leads to two cases. 
Case (i): 

For t, there is a cut off time r. It is known (Cf.[50]) that there is a charac- 
teristic time constant of the system, given by 



m m 
a -qa 

so that, from Stokes's Law, as 

mc 

r) — — — or m = rj — 
a'' c 



we get 

T ~ 



ma^ a 



mca c 



that is T is the Compton time. 

The expression for r\ which follows from the fact that 

dz c 

shows that the intertial mass is due to a type of "viscosity" of the background 
Zero Point Field (ZPF). (Cf. also ref.[82]). 

To sum up case (i), if there is a cut off r, the stochastic formulation leads us 
back to the minimum space time intervals ~ Compton scale. 
To push these small scale considerations further, we have, using the Becken- 
stein radiation equation[83], 

^ _ G^w? m a 
hc^ rja c 
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which gives 

h Gm 
a — — 11 — — = a 
mc & 

In other words the Compton wavelength eqnals the Schwarzchild radius, 
which automatically gives us the Planck mass. Thus as noted the inertial 
mass is thrown up in these considerations. We will also see that the Planck 
mass leads to other particle masses. 
On the other hand if we work with i > r we get 

2kT 

ac — 

Tja 

whence 

kT ~ mc^, 

which is the Hagedorn formula for Hadrons[84]. 

Thus both the Planck scale and the Compton wavelength Hadron scale con- 
siderations follow meaningfully. 
Case (ii): 

If there is no cut off time r, as is known, we get back, equation (3), 

Ax = v^fKt 

and thence Nelson's derivation of the non relativistic Schrodinger equation. 
We can see here that the absence of a space time cut off leads to the non- 
relativistic theory, but on the contrary the cut off leads to the origin of the 
inertial mass (and as we will see, relativity itself). On the other hand, as 
we saw, the cut off is symptomatic of a multiply connected space- where we 
cannot shrink circuits to a point. 

The relativistic generalization of the above considerations to the Klein-Gordon 
equation has been even more troublesome [9]. In this case, there are further 
puzzling features apart from the luminal velocity as in the Dirac equation. 
For Lorentz invariance, a discrete time is further required. Interestingly, as 
we will sec Snyder had shown that discrete spacetime is compatible with 
Lorentz transformations. Here again, the Compton wavelength and time cut 
off will be seen to make the whole picture transparent. 
The stochastic derivation of the Dirac equation introduces a further comph- 
cation. There is a spin reversal with the frequency mc? jU. This again is 
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readily explainable in the earlier context of zittcrbcwegung in terms of the 

Compton time. Interestingly the resemblance of such a Weiner process to 

the zitterbewegung of the electron was noticed by Ichinose[85]. 

Thus in all these cases once we recognize that the Compton wavelength and 

time are minimum cut off intervals, the obscure or adhoc features become 

meaningful. 

We would like to reiterate that the origin of the Compton wavelength is the 
random walk equation (1)! One could then argue that the Compton time 
(or Chronon) automatically follows. This was shown by Hakim [15, 17]. 
Intutively, we can see that a discrete space would automatically imply dis- 
crete time. For, if At could 0, then all velocities, lim^t^o\^\ would 
— >^ oo as I Aa;| does not tend to 0! So there would be a minimum time cut off 
and a maximal velocity and this in conjunction with symmetry considera- 
tions can be taken to be the basis of special relativity as we will see below in 
more detail. 

In fact one could show that quantized spacetime is more fundamental than 
quantized energy and indeed would lead to the latter. To put it simply the 
frequency is given by c/A, where A the wavelength is itself discrete and hence 
so also is the frequency. One could then deduce Planck's law as will be seen 
in the next Section (Cf.[86]). This of course, is the starting point of Quantum 
Theory itself. 

At this stage we remark that in the case of the Dirac electron, the point 
electron has the velocity of light and is subject to zitterbewegung within the 
Compton wavelength. The thermal wavelength for such a motion is given by 



by virtue of the fact that now kT ~ mv'^ itself. In the limit v ^ c in the 
spirit of the luminal velocity of the point Dirac electron or, using the earlier 
relation, kT ~ mc^, A becomes the Compton wavelength. To look at this 
from another point of view, it is known that for a collection of relativistic 
particles, the various mass centres form a two-dimensional disc perpendicular 
to the angular momentum vector L and with radius (ref.[34]) 




wave length 



L 



(19) 



mc 
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Further if the system has positive energies, then it must have an extension 
greater than r, while at distances of the order of r we begin to encounter 
negative energies. 

If we consider the system to be a particle of spin or angular momentum |, 
then equation (19) gives, r = That is we get back the Compton wave- 
length. Another interesting feature which we will encounter later is the two 
dimensionality of the space or disc of mass centres. 

On the other hand it is known that, if a Dirac particle is represented by 
a Gausssian packet, then we begin to encounter negative energies precisely 
at the same Compton wavelength as above. These considerations show the 
interface between Classical and Quantum considerations. 
Infact as has been shown it is this circumstance that leads to inertial mass, 
while gravitation and electromagnetism (as for example brought out by the 
Kerr-Newman metric) and indeed QCD interactions also will be seen to fol- 
low. In the light of the above remarks, it appears that the fractal or Brownian 
Heap character of space time is at the root of Quantum behaviour. 



3 Spacetime 

As remarked in the previous section, the fact that forward and backward time 
derivatives in the double Wiener process do not cancel leads to a complex 
velocity (cf.[74]), V — lU . That is, the usual space coordinate x (in one 
dimension for simplicity) is replaced by a coordinate like x + ix' , where x' 
is a non constant function of time that is, a new imaginary coordinate is 
introduced. We will now show that it is possible to consistently take x' — ct. 
Let us take the simplest choice for x', viz., x' — \t. Then the imaginary part 
of the complex velocity in (14)is given hy U — \. Then we have (cf.[70]), 

U = p—ilnp) = A 
dx 

where v and p have been defined in (3), and in the equation leading to (11). 
We thus have, p = e^^, where j = X/u and the quantum potential of (11) is 
given by 

In this stochastic formulation with Compton wavelength cut off, it is known 
that Q turns out to be the inertial energy mc^. It then follows from (20) and 
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the definition of 7, that A ~ c. 

In other words it is in the above stochastic formulation that we see the 
emergence of the spacetime coordinates {x, ict) and Special Relativity from 
a Weiner process in which time is a back and forth process. All this has been 
in one dimension. 

If we now generalize to three spatial dimensions, then as we will sec in a 
moment [87], we get the quarternion formulation with the three Pauli spin 
matrices replacing ^, giving the purely Quantum Mechanical spin half of 
Dirac. On the other hand, the above formulation with minimum space time 
cut offs will also be shown to lead independently to the Dirac equation. ThTis 
the origin of special relativity, inertial mass and the Quantum Mechanical 
spin half is the minimum space time cut offs. 

We digress for a moment to observe that equations (1) and (2) indicate that 

the Compton scale is a fundamental unit of space time. We will now show 

that this quantized space time leads to Planck's quantized energy, as was 

briefly seen in the previous section. 

The derivation is similar to the well known theory [88]. 

Let the energy be given by 

E = g{y) 

Then, / the average energy associated with each mode is given by, 

J Q-giv)/kT 

Again, as in the usual theory, a comparison with Wien's functional relation, 
gives, 

/ = vF{v/kT), 

whence, 

E = g{u) oc z/, 

which is Planck's law. 

Yet another way of looking at it is, as the momentum and frequency of the 
classical oscillator have discrete spectra so does the energy. 
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4 Further Considerations 



To see all this in greater detail, we observe that if we treat an electron as 

a Kerr-Newman black hole, then we get the correct Quantum Mechanical 
g = 2 factor, but the horizon of the black hole becomes complex [73, 42]. 



GM ,,_,GQ'' 2 G^M^ 



r+ = ^ + z6, 6 ^ + - ^Y^' (21) 



c 



G being the gravitational constant, M the mass and a = L/Mc, L being the 
angular momentum. While (21) exhibits a naked singularity, and as such has 
no physical meaning, we note that from the realm of Quantum Mechanics 
the position coordinate for a Dirac particle in conventional theory is given 

by 

X = (c^piH-H) + ^ch{ai - cpiH-^)H-^ (22) 

an expression that is very similar to (21). Infact as was argued in detail [73] 
the imaginary parts of both (21) and (22) are the same, being of the order 
of the Compton wavelength. 

It is at this stage that a proper physical interpretation begins to emerge. 
Dirac himself observed as noted, that to interpret (22) meaningfully, it must 
be remembered that Quantum Mechanical measurements are really averaged 
over the Compton scale: Within the scale there are the unphysical zitterbe- 
wegung effects: for a point electron the velocity equals that of hght. 
Once such a minimum spacetime scale is invoked, then we have a non com- 
mutative geometry as shown by Snyder more than fifty years ago [89, 90]: 

[x,y] = {ia^/h)Lz, [t,x] = {ta^ /hc)Mx,etc. 

[x,p,]^ih[l + {a/h)yj; (23) 

The relations (23) are compatible with Special Relativity. Indeed such min- 
imum spacetime models were studied for several decades, precisely to over- 
come the divergences encountered in Quantum Field Theory [73],[90]-[95], 
[96, 97]. 

Before proceeding further, it may be remarked that when the square of a, 
which we will take to be the Compton wavelength (including the Planck 
scale, which is a special case of the Compton scale for a Planck mass viz., 
lO^^gfm), in view of the above comments can be neglected, then we return 
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to point Quantum Theory. 

It is interesting that starting from the Dirac coordinate in (22), we can de- 
duce the non commutative geometry (23), independently. For this we note 
that the a's in (22) are given by 

^_ r a ' 
"~ [ a J 

the (t's being the Pauh matrices. We next observe that the first term on the 
right hand side is the usual Hermitian position. For the second term which 
contains a, we can easily verify from the commutation relations of the cr's 
that 

[x,,Xj]^P^j-P (24) 

where I is the Compton scale. 

There is another way of looking at this. Let us consider the one dimensional 
coordinate in (22) or (21) to be complex. We now try to generalize this 
complex coordinate to three dimensions. Then as briefly noted, in the pre- 
vious Section, we encounter a surprise - we end up with not three, but four 
dimensions, 

(1,0^(7,(7), 

where I is the unit 2x2 matrix. We get the special relativistic Lorcntz 
invariant metric at the same time. (In this sense, as noted by Sachs [87], 
Hamilton who made this generalization would have hit upon Special Rela- 
tivity, if he had identified the new fourth coordinate with time) . 
That is, 

X + ly ^ Ixi + 1X2 + jx^ + kx4^, 
where (z, j, k) now represent the Pauli matrices; and, further, 

2,2,2 2 
•Jb-^ \^ "^2 3 

is invariant. Before proceeding further, we remark that special relativistic 
time emerges above from the generalization of the complex one dimensional 
space coordinate to three dimensions, just as the relativistic time came out 
of the one dimensional space coordinate as seen earlier. 
While the usual Minkowski four vector transforms as the basis of the four 
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dimensional representation of the Poincare group, the two dimensional rep- 
resentation of the same group, given by the right hand side in terms of 
Pauli matrices, obeys the quaternionic algebra of the second rank spinors 



To put it briefly, the quarternion number field obeys the group property and 
this leads to a number system of quadruplets as a minimum extension. In 
fact one representation of the two dimensional form of the quarternion basis 
elements is the set of Pauli matrices. Thus a quarternion may be expressed 
in the form 

Q = —la^x^ = gqx'^ — laix^ — ia2X^ — la^x^ = (uox^ + la ■ r) 
This can also be written as 



As can be seen from the above, there is a one to one correspondence between 
a Minkowski four- vector and Q. The invariant is now given by QQ, where Q 
is the complex conjugate of Q. 

However, as is well known, there is a lack of spacetime reflection symmetry 
in this latter formulation. If we require refiection symmetry also, we have to 
consider the four dimensional representation. 



(Cf.also.ref. [100] for a detailed discussion). The motivation for such a reflec- 
tion symmetry is that usual laws of physics, like electromagnetism do indeed 

show the symmetry. 

We at once deduce spin and Special Relativity and the geometry (23) in these 
considerations. This is a transition that has been long overlooked [101]. It 
must also be mentioned that spin half itself is relational and refers to three 
dimensions, to a spin network infact [102, 42]. That is, spin half is not mean- 
ingful in a single particle Universe. 

While a relation like (24) above has been in use recently, in non commutative 
models, we would like to stress that it has been overlooked that the origin of 
this non commutativity lies in the original Dirac coordinates. 



(Cf.Ref.[98, 99, 87] for details). 
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The above relation shows on comparison with the position-momentum com- 
mutator that the coordinate x also behaves like a "momentum". This can 
be seen directly from the Dirac theory itself where we have [13] 




(25) 



In (25), the first term is the usual momentum. The second term is the extra 
"momentum" p due to zitterbewegung. 
Infact we can easily verify from (25) that 



where x has been defined in (25). 

We finally investigate what the angular momentum x x p gives - that is, 
the angular momentum at the Compton scale. We can easily show that 



where E is the eigen value of the Hamiltonian operator H. Equation (27) 
shows that the usual angular momentum but in the context of the minimum 
Compton scale cut off, leads to the "mysterious" Quantum Mechanical spin. 
In the above considerations, we started with the Dirac equation and deduced 
the underlying non commutative geometry of spacetime. Interestingly, start- 
ing with Snyder's non commutative geometry, based solely on Lorcntz in- 
variance and a minimum spacetime length, which we have taken to be the 
Compton scale, (23), it is possible to deduce the relations (27), (26) and the 
Dirac equation itself as we will see later. 

We have thus established the correspondence between considerations start- 
ing from the Dirac theory of the electron and Snyder's (and subsequent) 
approaches based on a minimum spacetime interval and Lorentz covariance. 
It can be argued from an alternative point of view that Special Relativity 
operates outside the Compton wavelength as we saw earlier. 
We started with the Kerr-Newman black hole. Infact the derivation of the 
Kerr-Newman black hole itself begins with a Quantum Mechanical spin yield- 
ing complex shift, which Newman has found inexplicable even after several 
decades [103, 104]. As he observed, "...one does not understand why it works. 



P = -r~o^ 



(26) 



(f X p)^ = —{d X p)^ = t;(P2Q;i - Pi 0:2) 



(27) 
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After many years of study I have come to the conclusion that it works simply 
by accident". And again, "Notice that the magnetic moment /j, = ea can be 
thought of as the imaginary part of the charge times the displacement of the 
charge into the complex region... We can think of the source as having a 
complex center of charge and that the magnetic moment is the moment of 
charge about the center of charge... In other words the total complex angular 
momentum vanishes around any point z"" on the complex world-line. From 
this complex point of view the spin angular momentum is identical to orbital, 
arising from an imaginary shift of origin rather than a real one... If one again 
considers the particle to be "localized" in the sense that the complex center 
of charge coincides with the complex center of mass, one again obtains the 
Dirac gyromagnetic ratio..." 

The unanswered question has been, why does a complex shift somehow repre- 
sent spin about that axis? The question has now been answered. Complexi- 
fied spacetime is symptomatic of fuzzy spacetime and a non commutative ge- 
ometry and Quantum Mechanical spin and relativity. Indeed Zakrzewski has 
shown in a classical context that non commutativity implies spin [105, 106]. 
We will return to these considerations later. 

The above considerations recovered the Quantum Mechanical spin together 
with classical relativity, though the price to pay for this was minimum space- 
time intervals and noncommutative geometry. 

5 The Path Integral Formulation 

We come to another description of Quantum Mechanics and first argue that 
the alternative Feynman Path Integral formulation essentially throws up 
fuzzy spacetime. To recapitulate [64, 107, 108], if a path is given by 

X — x{t) 

then the probability amplitude is given by 

i / \ « L{x,x)dt 

(p[x) — e ■'*! 
So the total probability amplitude is given by 
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In the Feynman analysis, the path 



X — x{t) 

appears as the actual path for which the action is stationery. From a physical 
point of view, for paths very close to this, there is constructive interference, 
whereas for paths away from this the interference is destructive. 
We will see later that this is in the spirit of the formulation of the random 
phase. However it is well known that the convergence of the integrals requires 
the Lipshitz condition viz., 

Ax^ ^ aAt (28) 

We could say that only those paths satisfying (28) constructively interfere. 
We would now like to observe that (28) is the same as the Brownian or Dif- 
fusion equation (3) related to our earlier discussion of the Weiner process. 
The point is that (28) again implies a minimum spacetime cut off, as indeed 
was noted by Feynman himself [64], for if At could 0, then the velocity 
would — > oo. 

To put it another way we are taking averages over an interval At, within 
which there are unphysical processes as noted. It is only after the average is 
taken, that we recover physical spacetime intervals which hide the fractality 
or unphysical feature. If in the above. At is taken as the Compton time (and 
a is identified with the earlier i>, then we recover for the root mean squared 
velocity, the velocity of light. 

As we have argued in detail this is exactly the situation which we encounter 
in the Dirac theory of the electron. There we have the unphysical zitterbe- 
wegung effects within the Compton time At and as At — the velocity of 
the electron tends to the maximum possible velocity, that of light [109]. It 
is only after averaging over the Compton scale that we recover meaningful 
physics. 

This existence of a minimum spacetime scale, it has been argued is the ori- 
gin of fuzzy spacetime, described by a noncommutative geometry, consistent 
with Lorentz invariance viz., equations (23) and (24). 

We reiterate that the momentum position commutation relations lead to 
the usual Quantum Mechanical commutation relations in the usual (commu- 
tative) spacetime if 0(/^) is neglected where / defines the minimum scale. 
Indeed, we have at the smallest scale, a quantum of area reflecting the frac- 
tal dimension, the Quantum Mechanical path having the fractal dimension 
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2 (Cf.ref.[53]). It is this "fine structure" of spacetime which is expressed in 
the noncommutative structure (23) or (24). Neglecting 0(/^) is equivalent 
to neglecting the above and returning to usual spacetime. In other words 
Snyder's purely classical considerations at a Compton scale lead to Quan- 
tum Mechanics. 

In the light of the above comments, we can now notice that within the Comp- 
ton time, we have a double Weiner process leading to non differentiability 
with respect to time. That is, at this level time in our usual sense does not 
exist. To put it another way, within the Compton scale we have the complex 
or non-Hermitian position coordinates for the Dirac electron and zittcrbewe- 
gung effects - these arc unphysical, non local and chaotic in a literal sense. 
This is a Quantum Mechanical and an experimental fact. It expresses the 
Heisenberg Uncertainty Principle - space time points imply infinite momenta 
and energies and are thus not meaningful physically. However as noted ear- 
lier Quantum Theory has lived with this contradiction. To put it simply 
to measure space or time intervals we need units which can be to a certain 
extent and not indefinitely subdivided - but already this is the origin of dis- 
creteness. That is, our measurements are resolution dependent. So physical 
time emerges at values greater than the minimum unit, which has been shown 
to be at the Compton scale. Going to the limit of space-time points leads 
to the well known infinities of Quantum Field Theory (and classical electron 
theory) which require renormalization for their removal. 
The conceptual point here is that time is in a sense synonymous with change, 
but this change has to be tractable or physical. The non differentiability 
with respect to time, symbolized and modeled by the double Weiner process, 
within the Compton time, precisely highlights time or change which is not 
tractable, that is is unphysical. However Physics, tractability and differentia- 
bility emerge from this indeterminism once averages over the zitterbewegung 
or Compton scale are taken. It is now possible to track time physically in 
terms of multiples of the Compton scale. 

6 Discussion 

1. We would hke to make the following observations: 

i) We have in effect equated the statistical fluctuations, when there are N 
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particles to the Quantum Mechanical fluctuations. The former fluctuations 
take place over a scale ~ R/ \fN , where R is the size of the system of particles 
and N is the number of particles in the system. The Quantum Mechanical 
fluctuations take place at a scale of the order of the Compton wavelength. 
Apart from the fact that the equality of these two has been taken to be 
an empirical coincidence, we actually deduce this equality in our cosmology 
in the next Chapter. Thus the equality is no longer accidental or ad hoc. 
However a nuance must be borne in mind. In the conventional theory, the 
Quantum Mechanical fluctuation is a reductionist effect, whereas the statis- 
tical fluctuation is a "thermodynamic" or statistical effect in a collection of 
particles. 

ii) In the random mechanical approach, including Nelson's, we encounter "po- 
tential" Q- this represents in the usual theory a peculiar correlation between 
the random motion of a particle and its probability distribution function. 

iii) We would like to point out that it would be reasonable to expect that 
the Wcincr process discussed earlier is related to the ZPF which is the Zero 
Point Energy of a Quantum Harmonic oscillator. We can justify this expec- 
tation as follows: Let us denote the forward and backward time derivatives 
as before by d+ and d-. In usual theory where time is differentiable, these 
two are equal, but we have on the contrary taken them to be unequal. Let 

d- = a-d+ (29) 

Then we have from Newton's second law in the absence of forces, 

X -\- k'^x — ax (30) 

wherein the new nondifferentiable effect (29) is brought up. In a normal 
vacuum with usual derivatives and no external forces, Newtonian Mechanics 
would give us instead the equation 

X = (31) 

A comparison of (30) and (31) shows that the Weiner process converts a 
uniformly moving particle, or a particle at rest into an oscillator. Indeed in 
(30) if we take as a first approximation 

x^ (x) = (32) 
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then we would get the exact oscillator equation 



x + k'^x^O (33) 

for which in any case, consistently (32) is correct. We can push these consid- 
erations even further and deduce alternatively, the Schrodinger equation, as 
seen earlier. The genesis of Special Relativity too can be found in the Weiner 

process. Let us examine this more closely. 

We first define a complete set of base states by the subscript t and U {t2, ti) 
the time elapse operator that denotes the passage of time between instants 
ti and t2, t2 greater than ti. We denote by, Ci{t) =< i\ip{t) >, the amplitude 
for the state |V'(^) > to be in the state \i > at time t, and [72, 73] 

< i\U\j >= U,j, U,j{t + At, t) = d^j - ^H,j{t)At. 

We can now deduce from the super position of states principle that, 

a{t + At) = ^K,- - ^H,j{t)At]Cj{t) (34) 



and finally, in the limit. 



^f^^ = ^H^^^t)C,{t) (35) 



where the matrix H^j{t) is identified with the Hamiltonian operator. We have 
argued earher at length that (35) leads to the Schrodinger equation [72, 73]. 
In the above we have taken the usual unidirectional time to deduce a non 
relativistic Schrodinger equation. If however we consider a Weiner process 
in (34) then we will have to consider instead of (35) 



a{t - At) - a{t + At) = j2 - ^H,,{t) 



Cf (36) 



Equation (36) in the hmit can be seen to lead to the relativistic Klein-Gordon 
equation rather than the Schrodinger equation [110]. This is an alternative 
justification for our earlier result that Special Relativity emerges from the 
above considerations. 

2. We have seen that the path integral formulation is an alternative to the 
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Schrodinger equation, an alternative that has a resemblance to the stochastic 
mechanics encountered earlier. However we should bear in mind that these 
paths are merely mathematical tools for computing the evolution of the wave 
functions [111]. Nevertheless we should note that the path integral formula- 
tion does not give the probability distribution on the space of all paths, so 
that wc cannot legitimately conchidc that nature chooses one of the several 
paths at random according to the probability distribution. Unfortunately 
in this formulation the measures is complex and not even rigorously defined 
in the limit of the continuum. Nor will the imaginary or real paths of the 
measure give the actual Quantum Mechanical picture. It would be more 
correct to say that the paths are possible paths for a part of the Quantum 
Mechanical wave. In any case, all this reflects via (28), the unphysicality 
within the minimum interval At. 

On the other hand there is the well known Bohmian formulation of Quantum 
Mechanics which uses the Schrodinger wave function, and the Schrodinger 
equation to deduce the Hamilton-Jacobi equation exactly as in the stochastic 
case. But the resemblance is superficial. This non relativistic formulation is 
one in which the observer plays no part. There is a hidden variable in the 
form of the position coordinate of the particle. Thus one of the Bohmian 
paths represents the actual motion of the particle, which exists separately 
from the wave function. Moreover the Quantum potential Q in the Bohmian 
case has a non local character and no clear explanation. Furthermore there 
is no clear generalization to the relativistic case. For all these reasons though 
Bohm studied this approach in the 1950s, it has not really caught on and we 
will not pursue the matter further. 

3. As mentioned discrete space time and some of their effects have been 
studied from different points of view for several decades now. It is worth 
mentioning here that the usual notion of time as an operator with continu- 
ous eigen values in Quantum Theory runs into difficulty, as was appreciated 
by Pauli a long time ago [11 2]. This can be seen by a simple argument, and, 
we follow Park[113]: Let the time operator be denoted by T, satisfying 

T, h] = 

Let \E' > be an eigenfunction of H belonging to the eigenvalue E', and let 
\E' e''^\E' >. Then 

H\E' >,= e''^e-''^He''^\E' >= {E' + e)\E' >) (37) 
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Remembering that e is arbitrary, (37) gives a continuous energy spectrum, 
contrary to Quantum Theory. The difficulty is resolved if in the above con- 
siderations time were discrete. 

4. It must be emphasized that in the stochastic formulation given in this 
Chapter, there are no hidden variables as in the Bohm formulation, due to 
the randomness or stochasticity, itself [63]. 

5. Though we will return to some of the above considerations later, it must 
be re-emphasized that in the absence of the double Weiner process alluded 
to, the imaginary part of the complex velocity potential U, vanishes, that is, 
so does u of equation (3). In this case we come back to the domain of classical 
non-relativistic physics. So the origin of special relativity and Quantum Me- 
chanics is to be found here in this double Weiner process within the Compton 
scale [31]. As pointed out in [73] non-relativistic Quantum Mechanics is not 
really compatible with Galilean or Newtonian Mechanics. 

6. Finally, we would like to reemphasize the following point: By neglect- 
ing terms of the order P (the squared Compton length), we return to point, 
commutative space time and can still have Quantum Mechanics and even rel- 
ativistic Quantum Mechanics and Quantum Field Theory, though we would 
then have to introduce Quantum Mechanical spin by separate arguments and 
consider averages over the Compton scale anyway. But in the process, we are 
neglecting the Quantum of area or Abbot and Wise's fractal dimension of the 
Quantum Mechanical path. That is, we are snuffing out the fine structure 
implied by Quantum Theory and are then using, as remarked earlier, a thick 
brush to fudge. A quick way to see the result of Abbot and Wise is as follows 
[63]. From (3) it follows that 

(v^) oc (At)-i 

Now if the Hausdorf dimension [54] is I?, we would have. 

At = (Ax)^ 

whence 

{v') oc (At)2[(i)-il 

A comparison yields, D = 2. 



29 



References 

[1] I. Prigogine, "Order Out of Chaos", Flamingo, Harper Collins, London, 
1985. 

[2] J.A. Wheeler, Am.J.Phys., 51 (5), May 1983, p.398-406. 

[3] 1. Prigogine in, "A Century of Ideas", Ed. B.C. Sidharth, Springer, 
Netherlands, 2007. 

[4] E. Prugovecki, Found.of Phys., Vol.14, No.l2, 1984, p.1147-1161. 

[5] M. Babublitz, Jr., in "The Present Status of the Quantum Theory of 
Light", Ed. S. Jeffers et al., Kluwer Academic Pubhshers, Netherlands, 
1997, p. 193-203. 

[6] V. Hushwater, Am.J.Phys., 65(5), May 1997, p.381-384. 

[7] E. Nelson, Physical Review, Vol.150, No.4, October 1966, p.1079-1085. 

[8] T. Zastawniak, Europhys.Lett., 13(1), 1990, p.13-17. 

[9] M. Serva, Annals de'Institute Henri Poincare-Physique theorique, 
Vol.49, No.4, 1988, p.415-432. 

[10] G. Bacciagaluppi, "Nelsonian Mechanics Revisited", Plenum Publishing 
Corporation, New York, 1999. 

[11] H. Shirai, Found.of Phys., Vol.28, No.ll, 1998, p.1633-1663. 

[12] K. Namsrai, "Nonlocal Quantum Field Theory and Stochastic Quantum 
Mechanics", D.Reidel Publishing Company, Boston, 1986, pp.7ff. 

[13] P.Gueret and J.P. Vigier, Found.of Phys., Vol.12 (11), 1982, pp.l057fr. 

[14] P.V. Coveney, Nature, Vol.333, 2 June 1988, p.409-415. 

[15] R. Hakim, J.Math.Phys., Vol.9, No.ll, November 1968, p.1805-1818. 

[16] E. Prugovecki. "Quantization, Coherent States and Complex Struc- 
tures", Ed. J. P. Antoine et al.. Plenum Press, New York, 1995. 



30 



[17] R. Hakim, J.Math.Phys., Vol.8, No.6, June 1967, p.l315ff. 

[18] L.dc la Pcna and A.M. Cetto, Found.of Phys., Vol.12, No.lO, 1982, 
p.1017-1037. 

[19] L. De La Pena-Auerbach, J.Math.Phys., Vol.10, No.9, September 1969, 
p.1620-1630. 

[20] E. Santos, "Stochastic Electrodynamics and the Bell Inequahties" in 
"Open Questions in Quantum Physics", Ed. G. Tarozzi and A. van der 
Merwe, D. Reidel Pubhshing Company, 1985, p.283-296. 

[21] E. Nelson, J. of Functional Analysis, 12, 1973, p.97-112. 

[22] A. Kyprianidis, Found.of Phys., 1992, pp.1449-1483. 

[23] E. Nelson, "Connection Between Brownian Motion and Quantum Me- 
chanics", Lecture Notes on Physics, Vol.100, Springer, Berlin, 1966, 
p.168-179. 

[24] G.N. Ord, Int.J.Th.Phys., Vol.35, No.2, 1996, p.263-266. 

[25] D. Sornette, Euro J. Phys., 11, 1990, p.334-337. 

[26] F. Winterberg, Int.J.Mod.Phys., Vol.34, No.lO, 1995, pp.2145-2164. 

[27] S. Guiasu, Int.J.Th.Phys., Vol.31, No.7, 1992, p.ll53-fr. 

[28] L. Smohn, in " Quantum Concepts in Space and Time" , Eds. R. Penrose, 
and C.J. Isham, OUP, Oxford, 1986, pp.147-181. 

[29] E. Prugovecki, "Principles of Quantum General Relativity", World Sin- 
gapore, Singapore, 1995. 

[30] L. De Pena, "Stochastic Processes applied to Physics...", Ed., B Gomez, 
World Scientific, Singapore, 1983. 

[31] B.C. Sidharth, "Universe of Fluctuations" , Springer, Dordrecht, 2005. 

[32] F.D. Peat, "Super Strings", Abacus, Chicago, 1988, p.21. 

[33] W. Heisenberg, Rev.Mod.Phys., Vol.29, No.3, July 1957, p.269-278, 

31 



[34] C. Moller, "The Theory of Relativity", Clarendon Press, Oxford, 1952, 
pp.l70ff. 

[35] P. Caldirola, Supplemento Al Volume III, Serie X, Del Nuovo Cimento, 
No.2, 1956, p.297ff. 

[36] C.K. Raju, Int.J.Th.Phys., Vol.20, No.9, 1981, p.681-691. 

[37] R.R. Sastry, "Quantum Mechanics of Extended Objects", xxx.lanl.gov/ 
quant-ph/9903025. 

[38] E.J. Sternglass, in "The Present Status of the Quantum Theory of 
Light", Eds. S. Jeffers et al., Kluwer Academic Pubhshers, Netherlands, 
1997, p.459-469. 

[39] R.K. Roychowdhury and S. Roy, Phys.Lett.A., Vol.123, No.9, September 
1987, p.429-432. 

[40] F. Rohrlich, "Classical Charged Particles", Addison- Wesley, Reading, 
Mass., 1965. 

[41] J. A. Wheeler, "Superspace and the Nature of Quantum Gcometrody- 
namics", Battelles Rencontres, Lectures, Eds., B.S. De Witt and J. A. 
Wheeler, Benjamin, New York, 1968. 

[42] C.W. Misner, K.S. Thorne and J. A. Wheeler, "Gravitation", W.H. Free- 
man, San Francisco, 1973, pp.llSOfT. 

[43] M.J. Duff, Scientific American, February 1998, p.54-59. 

[44] G. Fogleman, Am.J.Phys., 55(4), April 1987, p.330-336. 

[45] J. Scherk, Rev.Mod.Phys., Vol.47, No.l, January 1975, p.123-164. 

[46] G.t' Hooft, Classical and Quantum Gravity, 13, 1996, 1023-1039. 

[47] B.C. Sidharth, Chaos, Solitons and Fractals, 11(2000), p.1037-1039. 

[48] B.C. Sidharth, Chaos, Solitons and Fractals, 11(2000), p.1171-1174. 

[49] B.C. Sidharth, Chaos, Solitons and Fractals, 11(2000), p.1269-1278. 



32 



[50] F. Reif, "Statistical and Thermal Physics", McGraw-Hill, Singapore, 
1965. 

[51] R.S. Armour Jr., J.A. Wheeler, Am.J.Phys., 51(5), 1983, p.405-406. 

[52] J. Singh, "Great Ideas and Theories of Modern Cosmology" , Dover, New- 
York, 1961, pp.l68ff. 

[53] L.F. Abbott, and M.B. Wise, Am.J.Phys., 49, 1981, 37-39. 

[54] B.B. Mandelbrot, "The Fractal Geometry of Nature", W.H. Freeman, 
New York, 1982, pg.2, 18,27. 

[55] A.D. Allen, Speculations in Science and Technology, Vol.6, No. 2, 1983, 
p.165-170. 

[56] G.N. Ord, "The Present Status of the Quantum Theory of Light", Ed. 
S. Jeffers et al., Kluwer Academic Publishers, Netherlands, 1997, p.l69- 
180. 

[57] G.N. Ord, "The Present Status of the Quantum Theory of Light", Ed. 
S. Jeffers et al., Kluwer Academic Publishers, Netherlands, 1997, p.l65- 
168. 

[58] G.N. Ord, J.Phys.A:Math.Gen. 16, 1983, 1869-1884. 

[59] G.N. Ord, Int.J.Th.Phys., VoL31, No.7, 1992, p.1177-1195. 

[60] G.N. Ord, 04817 Elsevier Science CHAOS Ms 1036, MFC September 
1998 (Chaos, Solitons and Fractals). 

[61] G.N. Ord and J.A. Gualtieri, 02651 ElSevier Chaos Ms 870 May 1998 
(Chaos, Solitons and Fractals). 

[62] L. Nottale, in "Quantum Mechanics, Diffusion and Chaotic Fractals", 
Eds. M.S. El Naschie, O. Rossler and I. Prigogine, ElSevier, Oxford, 
1995, pp.51-78. 

[63] L. Nottale, Chaos, Solitons & Fractals, (1994) 4, 3, p.361-388 and refer- 
ences therein. 



33 



[64] R.P. Feynman and A.R. Hibbs., "Quantum Mechanics and Path Inte- 
grals", McGraw-Hill, 1965. 

[65] S. Weinberg, "Gravitation and Cosmology", John Wiley & Sons, New 
York, 1972, p.619. 

[66] V.L. Ginzburg, "Key Problems of Physics and Astrophysics", Mir Pub- 
hshers, Moscow, 1976. 

[67] A. Einstein J. Prankhn Inst., quoted by M.S. El Naschie, Chaos Solitons 
and Fractals, 1999, 10 (2-3), p.l63. 

[68] K. Huang, "Statistical Mechanics", Wiley Eastern, New Delhi 1975, 
pp.75ff. 

[69] S. Hayakawa, Suppl of PTP Commemmorative Issue, 1965, 532-541. 

[70] B.C. Sidharth, Chaos, Solitons and Fractals, (12) (1), 2000, 173-178. 

[71] J.R. Lucas, "Space Time, And Causality", Oxford Clarendon Press, 
1984. 

[72] B.C. Sidharth, Ind.J. of Pure and Applied Physics, 35, 1997, p.456ff. 

[73] B.G. Sidharth, "Chaotic Universe: From the Planck to the Hubble 
Scale", Nova Science, New York, 2001. 

[74] L. Nottale, "Fractal Space-Time and Microphysics: Towards a Theory 
of Scale Relativity", World Scientific, Singapore, 1993, p. 312. 

[75] G. Joos, "Theoretical Physics", Blackie, London, 1951, pl99fr. 

[76] J.G. Gibson, Proc. Camb.Phil.Soc, 64, 1061, 1968. 

[77] A.F. Kracklauer, Phys.Rev.D., 10, 1358, 1974, 

[78] G. Cavalleri, Phys.Rev.D., 23, 363, 1981, APPB, 

[79] G. Cavalleri, and G. Mauri, Phys.Rev.B., 41, 6751, 1990, 2 

[80] L. Bosi, and G. Cavelleni, Nuovo Cimento B., 117, 243, 2002. 



34 



[81] R. Balescu, "Equilibrium and Non Equilibrium Statistical Mechanics", 
John Wiley, New York, 1975. 

[82] A. Rueda and B. Haisch, Found, of Phys., Vol.28, No.7, 1998, p.l057- 
1108. 

[83] C. Sivaram, Am.J.Phys., 51(3), 1983, p.277. 
[84] C. Sivaram, Am.J.Phys., 50(2), 1992, p.279. 
[85] T. Ichinose, Physica, 124A, 1984, p.419. 

[86] E.G. Sidharth, in Instantaneous Action at a Distance in Modern Physics: 
"Pro and Contra" , Eds., A.E. Chubykalo et. al.. Nova Science Publish- 
ing, New York, 1999. 

[87] M. Sachs, "General Relativity and Matter", D. Reidel Publishing Com- 
pany, Holland, 1982, p.45ff. 

[88] J.L. Powell & B. Grasemann, "Quantum Mechanics", Narosa Pubhshing 
House, New Delhi, 1988, pp.5ff. 

[89] H.S. Snyder, Physical Review, Vol.72, No.l, July 1 1947, p.68-71. 

[90] H.S. Snyder, Physical Review, Vol.71, No.l, January 1 1947, p.38-41. 

[91] V.G. Kadyshevskii, Translated from Doklady Akademii Nauk SSSR, 
Vol.147, No.6 December 1962, p. 1336-1339. 

[92] A. Schild, Phys.Rev., 73, 1948, p.414-415. 

[93] P.A.M. Dirac, "Directions in Physics", John Wiley, New York, 1978. 

[94] L. Bombelli, J. Lee, D. Meyer, and R.D. Sorkin, Physical Review Letters, 
Vol.59, No.5, August 1987, p.521-524. 

[95] D.R. Finkelstein, "Quantum Relativity A Synthesis of the Ideas of Ein- 
stein and Heisenberg", Springer, Berlin, 1996. 

[96] G. Wolf, Hadronic Journal, Vol.13, 1990, p.22-29. 

[97] T.D. Lee, Physics Letters, Vol.l22B, No.3,4, 10 March 1983, p.217-220. 

35 



[98] B.G. Sidharth, Found.Phys.Lett., 16 (1), 2003, pp.91-97. 

[99] Yu. M., Shirokov, Soviet Physics JETP 6 (33), No.5, 1958, pp.929-935. 

[100] V. Heine, "Group Theory in Quantum Mechanics", Pergamon Press, 
Oxford, 1960, p.364. 

[101] B.G. Sidharth, Found.Phys.Lett., 15 (6), 2002, pp.577-583. 

[102] R. Penrose, "Angular Momentum: An approach to combinational 
space-time" in, "Quantum Theory and Beyond", Ed., Bastin, T., Cam- 
bridge University press, Cambridge, 1971, pp.l51ff. 

[103] E.T. Newman., J.Math.Phys, 14 (1), 1973, p.l02. 

[104] E.T. Newman, Proceedings of Enrico Fermi International School of 
Physics, 1975, p.557. 

[105] S. Zakrewski, "Quantization, Cohrent States and Complex Structures", 
Ed. by J. P. Antoine et al. Plenum Press, New York, 1995, p.249ff. 

[106] B.G. Sidharth, "An Interface between Classical Electrodynamics and 
Quantum Mechanics" , in "Has the last word been said on Classical Elec- 
trodynamics?" , Eds. A. Chubykalo et al., Rinton Press, USA, 2003. 

[107] L. Nottalc, Chaos, Solitons and Fractals, 7 (6), 1996, pp.877fT. 

[108] C. Itzykson, and J. Zuber, "Quantum-Field Theory", Mc-Graw Hill, 
New York, 1980, p. 139. 

[109] P. A.M. Dirac, in "The Principles of Quantum Mechanics", Clarendon 
Press, Oxford, 263, 1958. 

[110] B.G. Sidharth, Chaos, Solitons and Fractals, 13 (2002), 189-193. 

[Ill] R. Tumulka, Eur.J.Phys., 26, 2006, 111-113. 

[112] W. Pauh, "General Principles of Quantum Mechanics", trans. P. 
Achutham and K. Venkatesam, Springer- Verlag, New York, 1980, p. 63. 

[113] D. Park, "Fundamental Questions in Quantum Mechanics", Eds. L.M. 
Roth and A. Inomata, Gordon & Breach Science Pubhshers, New York, 
1986, pp.263ff. 



36 



